Abstract A mathematical model for two dimensional unsteady magneto-convective flows with heat and mass transfer in the presence of a time dependent magnetic field is presented. The system of partial differential equations governing the transport problem is converted to a system of ordinary differential equations via two parameter scaling group transformations, before being solved using an implicit finite difference method. Computed results for non-dimensional velocity, temperature and concentration distributions as well as skin friction factor, local Nusselt number and Sherwood number are discussed for various values of the controlling parameters (Prandtl number, Schmidt number, Richardson number, magnetic field and buoyancy ratio). It is found that the magnetic field causes an increase in the rate of the heat and mass transfers. The buoyancy ratio increases the heat transfer rates and decreases the mass transfer rates. 
Introduction
Group analysis is a powerful and systematic method to generate invariant transformations of a system of partial differential equations together with the relevant boundary conditions. It reduces the number of independent variables of the partial differential equations under consideration and keeps the system and associated initial and boundary conditions invariant. With the application of this method we can develop similarity transformations. This method has been extensively applied by various researchers in various engineering fields including transport problems. The fundamentals of the application group analysis to differential equations can be found in Ovsiannikov [1] , Cantwell [2] and Ibragimov and Kovalev [3] . Representative papers associated with the group analysis of transport phenomena are Afify and Elgazery [4] , Hamad et al. [5] and Uddin et al. [6] , Mukhopadhyay and Layek [7] and Aziz et al. [8] . All of the aforementioned authors applied one parameter scaling group transformations. However, the process should be repeated ''(n À 1)" times if the original system contains ''n" number of independent variables. The simplicity of the method characterizing this technique is then lost. To overcome this difficulty (repetition of the procedure) Manohar [9] formulated multi-parameter ''r" group method by which ''r" (r = 2, 3, 4, . . .) independent variables can be reduced in a single application and hence a boundary value problem of three independent variables can be reduced to a boundary value problem of one independent variable by a single application of two parameter scaling group transformation. For details of this method, see the books by Seshadri and Na [10] and Rogers and Ames [11] . In this paper we will use two parameter scaling group of transformation to study unsteady flow phenomena.
Thermo-solutal convection flows are of interest in many branches of engineering sciences including energy storage (Be´g et al. [12] ), nuclear reactor leakage hazards (Unal et al. [13] ), Dinh et al. [14] ), nanotechnological materials processing (Rana et al. [15] ), heat exchangers (Liu et al. [16] ), and optical fiber fabrication (Zueco et al. [17] ). A variety of equipments namely MHD generators, pumps, bearings, and boundary layer control are affected by the interaction between the electrically conducting fluid and a magnetic field. The flow behavior depends on the orientation and applied magnetic field strength. The electrically conducting fluids play an important role in magnetohydrodynamic (MHD) generators, plasma fluids, geothermal energy extraction, nuclear reactors, etc. The application of MHD based micro-fluidic devices was reviewed by Qian and Bau [18] . According to Mebine and Adigiom [19] , MHD based micro-pumps are used to produce a mechanical force that yields to a fluid in motion, MHD based microfluidic networks are used for transporting fluids and MHD based liquid chromatography are used for the separation, purification and direction of different biochemicals. Analytical and numerical solutions for the MHD flow and heat transfer over a porous rotating sphere near the equator were obtained by Turkyilmazoglu [20] . In another study, Turkyilmazoglu [21] analyzed the radiation effects in the time-dependent MHD flow of viscous fluid with variable viscosity. Numerical solutions are obtained with the use of Chebyshev polynomial expansion. Rahman and Salauddin [22] have investigated the hydromagnetic heat and mass transfer flow over an inclined heated surface. Nourazar et al. [23] have studied MHD nanofluid flow from a horizontal stretching pate. They have shown that transverse magnetic field reduces the velocity in the boundary layer. The effects of chemical reaction and suction/ injection on MHD stagnation-point flow of heat and mass transfer toward a heated porous stretching sheet by using scaling group of transformations have been studied by Afify and Elgazery [4] . Teamah and El-Maghlany [24] studied augmentation of natural convective heat transfer in square cavity by using nanofluids in the presence of magnetic field and heat generation/absorption. Uddin et al. [25] studied hydromagnetic transport phenomena from a stretching or shrinking nonlinear nanomaterial sheet with Navier slip and convective heating boundary conditions. Das et al. [26] studied magnetohydrodynamic mixed convective slip flow over an inclined porous plate with viscous dissipation and Joule heating. Hayat et al. [27] studied MHD axisymmetric flow of third grade fluid by a stretching cylinder. In another paper, Das et al. [28] studied thermophoretic MHD slip flow over a permeable surface with variable fluid properties.
The studies mentioned above only deal with steady flows. However, usually flow, heat and mass transfer problems are unsteady in nature due to a sudden stretching of the flat sheet or by a change in the temperature or heat flux of the sheet. Many authors have studied unsteady transport phenomena past various geometries subject to various boundary conditions. Some recent representative papers are as follows: Turkyilmazoglu and Pop [29] , Dulal and Mondal [30] , Patil et al. [31] , Ibrahim and Shanker [32] , Sharma [33] . Mixed convection flow near the stagnation point on a vertical permeable flat plate in porous medium was numerically investigated by Rohni et al. [34] . Makinde and Chinyoka [35] discussed unsteady flow of a variable viscosity reactive fluid in a slit with wall suction or injection. Chamkha and Rashad [36] Dufour effects. All of the aforesaid researchers used similarity transformations existing in the literature. However, we seek to develop new similarity transformations. The objective of this paper was to investigate unsteady two dimensional MHD boundary layers flow of an electrically conducting Newtonian fluid along a flat vertical plate. The two parameter scaling group of transformation has been used to develop similarity variables. The effects of the controlling parameters on the dimensionless, velocity, temperature, concentration, local heat and the mass transfer are presented graphically. To the authors' knowledge, the study which we have undertaken has not appeared thus far in the literature.
Formulation of the problem and governing equations
Consider a two-dimensional laminar unsteady mixed convection flow of an electrically conducting Newtonian fluid adjacent to a vertical plate with heat and mass transfer as shown in Fig. 1 . A time dependent magnetic field of strength B ¼ B 0 ffi ffi t p is applied normal to the plate with B 0 constant magnetic field, where the dimensionless t is defined in Eq. (6) . It is assumed that the electric conductivity r is constant. Fluid properties are assumed to be constant except the density to fulfill the Boussinesq approximation criteria. The field variables within boundary layers are the velocity components u and v along (the x-axis) and normal to the plate (the y-axis), temperature T and concentration C. The governing equations in dimensional forms can be written as follows
The boundary conditions are (Esfahani and Bagherian [37] ). vð x; 0; tÞ ¼ uð x; 0; tÞ ¼ 0; Tð x; 0;
tÞ ¼ 0; Tð x; 1; tÞ ! T 1 ; Cð x; 1;
Here m: kinematic coefficient of the viscosity, g : acceleration due to gravity, a : molecular diffusivity, c p : specific heat at constant pressure, D: diffusivity, q: density of the ambient fluid, U r : reference velocity, b T : coefficient of thermal expansion, b C : coefficient of mass expansion. The dimensionless x coordinate is defined in Eq. (6) . The suffixes w; 1 refer to the conditions at the plate and in the ambient medium respectively. We non-dimensionalize the governing equations and boundary conditions using the following variables
where L is the reference length, and Re ¼ qU r L=l is the Reynolds number. Also, we introduce stream function wðx; y; tÞ defined as u ¼ ; which automatically satisfies the mass conservation Eqs. (1)- (4), become
The boundary conditions (5) now become
The governing parameters are Pr ¼ m=a is the Prandtl number, Sc ¼ m=D is the Schmidt number, Nr ¼
is the
is the Grashof number.
Applications of two parameter group to governing equations
The dimensionless partial differential Eqs. (7)-(9) subject to the boundary conditions (10) cannot be solved analytically. They might be solved numerically but their numerical solution is complicated. Hence we transform the system to the corresponding ordinary differential equations system using two parameter group transformations and solve the transformed system numerically. In accordance with the group theory methodology, all independent and dependent variables are scaled as follows (Uddin et al. [25] ). 
where A; B; a i ; b i ði ¼ 1; 2; . . . ; 5Þ are constants. Values of a i ; b i such that the form of the Eqs. (7)- (9) is invariant under the transformations are sought. Eqs. (7)-(9) will be invariant if a i ; b i , are connected by
With these relationship of a i ; b i , Eq. (11) becomes
Absolute invariants
It is seen from Eqs. (11) and (13) that
This combination is therefore absolute invariant; we denote this invariant as follows:
By the same argument, other absolute invariants are
where g is the similarity independent variable, and fðgÞ; hðgÞ and /ðgÞ are respectively the dimensionless velocity, temperature and the concentration functions.
Governing reduced equations
If Eqs. (15) and (16) are substituted into Eqs. (7)- (9), the following ordinary differential equations are,
are obtained.
The transformed boundary conditions are
Here primes denote derivatives with respect to the similarity independent variable g. Note that we reduce three independent variables to one by single applications of two parameter groups. A numerical solution is necessary to solve the system of coupled nonlinear similarity ordinary differential Eqs. (17)- (19) . These equations along with boundary conditions (20) are solved numerically using Maple 17 software. This software chooses the best numerical method from its library, depending upon the nature of the problem and solves the boundary value problem numerically. By default, it selects the best mesh size and convergence criteria. However, the user has full freedom to choose best mesh size and convergence criteria. Besides this, more information on overcoming the convergence issues can be found in Maple's help section. In several heat transfer papers, its accuracy and robustness have been confirmed. The asymptotic boundary conditions given by Eq. (20) were replaced by using a value of 10 for the similarity variable g max as follows:
The choice of g max ¼ 10 ensures that all numerical solutions approached the asymptotic values correctly.
Model verifications: Our similarity solutions are coincident with the similarity solutions reported in Bachok [38] paper which validates our two parameter scaling group transformation analysis.
Results and discussion
By using two parameter scaling group to analysis the governing equations and the boundary conditions, the three independent variables are reduced by one. Hence the governing equations reduce to a system of nonlinear ordinary differential equations. Numerical computations are carried out for 0 6 M 6 5, 0:5 6 Nr 6 5; 0 6 Gc 6 2; 1 6 Pr 6 6, 1 6 Ri 6 8, and 1 6 Sc 6 5. The buoyancy ratio Nr > 0 and Richardson number ; Ri > 0 correspond to assisting flow. As noticed in Fig. 2a , the velocity distributions are increasing with a positive increase in Nr for both electrically non-conducting (M = 0) and electrically conducting (M = 1) fluid. The parameter, Nr, strongly couples the momentum field to the concentration field via the linear body force term, Nr / arising in Eq. (17) . When both thermal and species buoyancy forces are acting in the same direction (N > 0) the momentum is boosted considerably in the boundary layer and velocity overshoots are computed. The velocity distributions decrease as M increases from M = 0 (electrically non-conducting) and M = 1 (electrically non-conducting) when thermal and solutal buoyancies are in the same direction and equal in magnitude (Nr = 1) and when thermal and solutal buoyancies are in the same direction but not equal in magnitude (Nr = 3, 5) i.e., solutal buoyancy dominates the thermal buoyancy. The Lorentzian drag force is generated transverse to the magnetic field and acts along the plate plane. This force strongly inhibits the flow and acts as an excellent flow control mechanism. The flow velocity is maximized for the electrically non-conducting case i.e., M = 0 for which Lorentz retarding force vanishes. Fig. 2b shows the effect of Prandtl number and Richardson number on the velocity profiles. As expected Prandtl number reduces the velocity while Richardson number increases the velocity.
We observe from Fig. 3a that temperature is enhanced with increasing magnetic parameter, M, both at the wall and in the boundary layer regime. Since extra work must be done by the fluid to overcome the drag force imposed by Lorentzian retardation, this work is then dissipated as thermal energy which acts to heat the fluid in the boundary layer and enhances temperatures. It is further noted that temperature is reduced with Nr both in the presence of magnetic parameter ðM ¼ 1Þ and in the absence of magnetic parameter ðM ¼ 0Þ respectively. This behavior has been observed by many researchers e.g. Rahman and Salauddin [22] , and Aziz et al. [8] , and confirms the validity of the present numerical solutions. Increasing magnetic field (M) is beneficial to the diffusion of species as observed in Fig. 4a since momentum transfer is reduced and the chemical species diffusion rate will swamp momentum diffusion rates. It is further noted that like temperature, concentration is also reduced with Nr both in the presence of magnetic parameter ðM ¼ 1Þ and in the absence of magnetic parameter ðM ¼ 0Þ respectively. Fig. 3b shows the effect of Prandtl number and Richardson number on the temperature profiles. As expected the temperature reduces with both Prandtl number and Richardson number. We observe from Fig. 4a that concentration is enhanced with increasing magnetic parameter, M, both at the wall and within the boundary layer. Species diffusion in the boundary layer is therefore assisted with higher chemical reaction order. Increasing magnetic field (M) is also beneficial to the diffusion of species as observed in Fig. 4b since momentum transfer is reduced and the chemical species diffusion rate will swamp momentum diffusion rates. Buoyancy ratio reduces the concentration profiles both in the presence and in the absence of magnetic field. Fig.4 b shows the effect of Schmidt number and Richardson number on the concentration profiles. Schmidt number shows the relative influence of momentum diffusion to species diffusion. Momentum will diffuse faster than species when Sc > 1 and opposite is true when Sc < 1. When Sc = 1 both momentum and species diffuse at the same rate in the boundary layer. In this case both momentum and species boundary layers are of the same order of magnitude. As Sc increases velocity is as expected reduced since increasingly momentum is diffused at a lesser rate than species (not shown). In Fig. 4b the response for species concentration distribution has been computed with an increase in Sc. As Sc increases, molecular diffusivity will be reduced which will decrease the ability of the species to diffuse in the regime. This is what we can see in Fig. 4b . Concentration decreases as Richardson number elevates. The effect of magnetic field, buoyancy ratio and Prandtl number is depicted in Fig. 5a . Prandtl number is defined to be the ratio of momentum diffusivity to thermal diffusivity in the regime. In fact, it is a thermophysical property of a fluid. For the case Pr < 1, thermal diffusivity exceeds momentum diffusivity. In other words, in this case heat will diffuse at a quicker rate than momentum. For the case Pr = 1.0, the viscous and energy diffusion rates are the same and so are the thermal and momentum boundary layer thicknesses. For the case Pr > 1, momentum diffusivity is greater than thermal diffusivity. In other words, momentum will diffuse at a quicker rate than heat. As Pr increases, the heat transfer rate at the wall is thus reduced, as observed in Fig. 5a . This behavior is true when thermal and solutal buoyancies are in equal magnitude (Nr = 1) and unequal magnitude (Nr = 0.5) for which thermal buoyancy dominates the solutal buoyancy. It is found that Nusselt number enhances as Nr rises. Magnetic field is found to elevate the Nusselt number. Fig. 5b shows the effect of buoyancy ratio, magnetic field and Schmidt number on the local Sherwood number. It can be seen that Sherwood number decreases with both the buoyancy ratio and Schmidt number. It is further found that the Sherwood number increases with magnetic field parameter.
Conclusions
Numerical solutions have been presented for the nonlinear buoyancy-driven unsteady MHD convective heat and mass transfer from a vertical surface. Two parameter scaling group transformation has been employed to develop similarity equations. It has been observed that:
Magnetic field leads to increase both the rate of heat and mass transfer. The velocity distributions decrease whereas the temperature and concentration distributions increase with magnetic field. Nusselt number increases with buoyancy ratio parameter. Sherwood number decreases with both the buoyancy ratio and Schmidt number. Nr=0.8 Figure 5 Effects of the different parameters and dimensionless numbers on the dimensionless heat and mass transfer rates.
